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ON THE COHERENT LABELLING INEQUALITIES OF A
POLYHEDRON IN THREE DIMENSIONS
C.P. ANIL KUMAR
Abstract. In this article we consider open Question 1 about coherent labelling inequal-
ities arising from a polyhedron (refer to Definition 1). We exhibit some examples like
pyramids and bi-pyramids where coherent labelling is possible and we also exhibit a coun-
terexample which is a cube or a cuboid where coherent labelling is impossible (refer to
Theorem 4). We prove in Theorem 2 that a coherent labelling is possible for certain type
of polyhedra which are constructible from tetrahedra through certain types of tetrahedron
attachments mentioned in Section 4. We prove in Theorem 5 any pyramidal polyhedron
(refer to Definition 2) can be labelled coherently. We prove in Theorem 7 its dual ana-
logue where a vertex is chopped off instead of a pyramid is being attached to a suitable
face to get a coherent labelling with respect to each vertex (refer to Definition 3). Also
in Theorem 1 we exhibit all the forty eight possible coherent labellings of a tetrahedron.
The suggested general Question 1 is still open.
1. Introduction
For any polygon in a plane made up of finite number of edges, we know that, we can orient
and label the edges successively with integers 1, 2, . . . , n with a choice of an anticlockwise
successive pattern of inequalities
1 < 2 < . . . < n.
Such a choice of labelling is useful to combinatorially characterize a line arrangement using
the cycle it induces at infinity which has a 2−standard consecutive structure. This charac-
terization is done in Article [2]. Here we consider the following open Question 1 on coherent
labelling inequalities arising from a polyhedron in three dimensions. Before we state the
main Question 1 we need a definition.
Definition 1 (Coherent Labelling).
Let P be a polyhedron in three dimensional space made of finite polygonal faces. Choosing
an outward normal for P we orient each polygonal face F and hence its edges with respect
to the oriented face F . We say a labelling of all the edges of P with integers is coherent if
for each polygonal oriented face F with nF edges, the labels have a choice of the following
successive pattern of inequalities
a1 < a2 < . . . < anF
with respect to the orientation of F .
Now we state the open question on coherent labelling inequalities arising from a polyhedron
in three dimensions.
Question 1. Let P be a polyhedron in three dimensional space made of finite polygonal
faces. Classify polyhedra for which a coherent labelling of all the edges of P with integers
with respect to the outward normal orientation of P exists?
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Figure 1. Tetrahedron T with Labelling Symbols
In this article we answer this Question 1 in the affirmative in Theorem 2 for certain class of
polyhedra which can be constructed using tetrahedra as building blocks with only certain
type of attachments mentioned in Section 4. This class of polyhedra includes pyramids and
bi-pyramids (which include octahedra). The method of proof involves positioning tetrahedra
one by one to construct the polyhedron with only allowed type of attachments.
Here we mention another slightly different conjecture regarding positioning of d−dimensional
simplices in Rd.
Conjecture 1 (Due to F.Bagemihl [3], IAS).
The maximal number of pairwise touching d−simplices in a configuration in Rd is
f(d) = 2d.
This conjecture was first posed by F.Bagemihl [3] in 1956. This conjecture is also mentioned
in the book M.Aigner and G.M.Ziegler [1] on Page 75.
In Section 7 we prove in Theorem 5 that the answer to Question 1 is affirmative for any
pyramidal polyhedron (refer to Definition 2) which is obtained by attaching pyramids to
faces of a given polyhedron such that the apriori edges of the faces do not vanish. Actually
we prove something more. We also see that it is not always possible to label any polyhedron
coherently. A polyhedron which cannot be labelled coherently is a cube or cuboid (refer to
Theorem 4). This is a counterexample. The general Question 1 is still open.
2. Tetrahedron and its Forty Eight Coherent Labelling Inequalities
In this section we list all possible coherent labelling inequalities for a tetrahedron.
Theorem 1. Let T be a tetrahedron with three pair-wise edge labelling symbols
(x1x4), (x2x5), (x3x6)
as in Figure 1. Then there exists forty eight coherent labellings of the tetrahedron given by
the cycle elements as
(x1x2 . . . , x6) ∈ {(124635), (134625), (125634), (135624),
(135246), (136245), (145236), (146235)}.
Proof. There are six edges of a tetrahedron T . Hence there are totally 6! labellings. A
cyclic change of labels given by
x1 −→ x2 −→ x3 −→ x4 −→ x5 −→ x6 −→ x1
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of a coherent labelling also gives rise to a coherent labelling. So we fix the least label for
an edge. Let x1 = 1. Now the oriented faces corresponding to an outward pointing normal
of T from Figure 1 are given by
(x1x2x3), (x2x6x4), (x3x4x5), (x1x5x6)
Since x1 is the least we have
x1 < x2 < x3, x1 < x5 < x6.
Now we have nine possibilities for the remaining as given by
x2 < x6 < x4, x6 < x4 < x2, x4 < x2 < x6
x3 < x4 < x5, x4 < x5 < x3, x5 < x3 < x4
We will compute the possible consistent labellings.
(1) x2 < x6 < x4, x3 < x4 < x5 ⇒ x6 < x4 < x5 < x6. Hence not possible.
(2) x2 < x6 < x4, x4 < x5 < x3 ⇒ x6 < x4 < x5 < x6. Hence not possible.
(3) x2 < x6 < x4, x5 < x3 < x4 ⇒
Ç
1 = x1 < x2 < x3 <
x5 < x6 < x4
å
.
Every label in the left column if it exists has a comparison with every label in the
right column. Two labels in the same column do not have a definite comparison.
We have four possibilities.
x1 = 1 < x2 = 2 < x5 = 3 < x3 = 4 < x6 = 5 < x4 = 6⇒ (124635)
x1 = 1 < x5 = 2 < x2 = 3 < x3 = 4 < x6 = 5 < x4 = 6⇒ (134625)
x1 = 1 < x2 = 2 < x5 = 3 < x6 = 4 < x3 = 5 < x4 = 6⇒ (125634)
x1 = 1 < x5 = 2 < x2 = 3 < x6 = 4 < x3 = 5 < x4 = 6⇒ (135624)
(4) x6 < x4 < x2, x3 < x4 < x5 ⇒ x6 < x4 < x5 < x6. Hence not possible.
(5) x6 < x4 < x2, x4 < x5 < x3 ⇒ x6 < x4 < x5 < x6. Hence not possible.
(6) x6 < x4 < x2, x5 < x3 < x4 ⇒ x4 < x2 < x3 < x4. Hence not possible.
(7) x4 < x2 < x6, x3 < x4 < x5 ⇒ x4 < x2 < x3 < x4. Hence not possible.
(8) x4 < x2 < x6, x4 < x5 < x3 ⇒
Ç
x1 = 1 < x4 < x2 < x3
x5 < x6
å
.
Every label in the left column if it exists has a comparison with every label in the
right column. Two labels in the same column do not have a definite comparison.
We have four possibilities.
x1 = 1 < x4 = 2 < x2 = 3 < x5 = 4 < x3 = 5 < x6 = 6⇒ (135246)
x1 = 1 < x4 = 2 < x2 = 3 < x5 = 4 < x6 = 5 < x3 = 6⇒ (136245)
x1 = 1 < x4 = 2 < x5 = 3 < x2 = 4 < x3 = 5 < x6 = 6⇒ (145236)
x1 = 1 < x4 = 2 < x5 = 3 < x2 = 4 < x6 = 5 < x3 = 6⇒ (146235)
(9) x4 < x2 < x6, x5 < x3 < x4 ⇒ x3 < x4 < x2 < x3. Hence not possible.
So the possible permutations are the following eight permutations with x1 = 1.
{(124635), (134625), (125634), (135624), (135246), (136245), (145236), (146235)}.
This proves the theorem. 
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Figure 2. Pyramid Labelling
2.1. Elementary Cyclic Group (Z/2Z)3 Action on Labellings. Consider the set of 48
coherent labels of the tetrahedron defined as follows.
LT =
®
(x1, x2, x3, x4, x5, x6) ∈ {1, 2, 3, 4, 5, 6}6 | (x1x2x3x4x5x6) ∈ {(124635), (134625),
(125634), (135624), (135246), (136245), (145236), (146235)}
´
Then we observe that we can interchange the labels of
x1 ←→ x4, x2 ←→ x5, x3 ←→ x6
independently for a coherent labelling to get another coherent labelling. So we have an
action of (Z/2Z)3 on the set LT via these interchanges.
3. Coherent Labelling Inequalities of Pyramids
In this section we give a way to coherently label pyramids. We already have a coherent la-
belling of a tetrahedron. This labelling is obtained by coherent choice of a set of inequalities
arising from every face when a tetrahedron is attached to a pyramid with base an n−gon
to a pyramid with base an (n + 1)−gon. We will observe this method of attachment of a
tetrahedron again in Section 4. The standard extension of inequalities given by
1 < 2 < 3 < . . . < 2n
is a linear extension of all strings of inequalities arising out of the oriented faces of the
pyramid. A coherent labelling for a pyramid with bases a quadrilateral, a pentagon and a
hexagon is given in Figure 2. In general a coherent labelling is obtained by extending this
method of labelling as follows. The base has labels
3 < 4 < (n + 3) < (n + 4) < . . . < (2n)
which gives an outward pointing normal for the pyramid. The faces with apex has the
following labels all of the them give outward pointing normal orientation. Four of the faces
with apex have the following labels.
3 < (n + 1) < (n + 2), 1 < 4 < (n + 2), 1 < 2 < (n + 3), 2 < 5 < (n + 4)
and the remaining faces have the following labels for n ≥ 5.
5 < 6 < (n + 5), 6 < 7 < (n + 6), . . . , (n− 1) < n < (2n− 1), n < (n + 1) < 2n
This gives a coherent labelling of any pyramid.
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Figure 3. Tetrahedron with labels attached to a given Polyhedron where
one face is identified and no edge vanishes
4. On Certain Types of Tetrahedron Attachments
In this section we attach a tetrahedron to an already labelled polyhedron to construct new
polyhedron with a coherent labelling. We mention only certain type of attachments where
a coherent labelling exists for the newly constructed polyhedron. The sections are divided
based on the type of attachment of the tetrahedron.
4.1. Tetrahedron Attachment with One Face Identified.
Here we attach a tetrahedron with one face identified to a given polyhedron. Even here
there are different types of attachments. We mention here below.
4.1.1. Tetrahedron Attachment with One Face Identified and No Edge Vanishes.
Consider a polyhedron with a triangular face with labels a < b < c in the anticlockwise
order and we are attaching to this face a tetrahedron with labels abcdef as shown in Figure 3
with three new faces. In this construction when the face a < b < c is identified, none of the
edges vanish. To get a required labelling it is enough that we have
f < a < e < b < c < d
The new faces created are f < e < b, a < e < d, f < c < d. This gives the construction
shown in Figure 3. The actual values for f, e, d can be chosen coherently.
4.1.2. Tetrahedron Attachment with One Face Identified and One Edge Van-
ishes.
Consider a polyhedron with a triangular face labelled abc in the anticlockwise order and we
are attaching to this face a tetrahedron with labels abcdef as shown in Figure 4 with three
new faces. Assume that the edge b vanishes. Since an edge of the base plane vanishes we
have the orientation of the base plane as z < b < y and we assume by a cyclic change of
numbers if necessary that z < b < y occurs actually.
First assume that a < b < c. Now to get a required labelling it is enough that we have
a < f < b < e < c < d
z < f < b < e < y
The new faces created are a < e < d, f < c < d, z < f < e < y. This gives the construction
shown in Figure 4. The actual values for f, e, d can be chosen coherently.
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Figure 4. Tetrahedron with labels attached to a given Polyhedron with one
edge b vanishes and the edges a, c remain
If b < c < a then to get a required labelling it is enough that we have
f < b < e < c < d < a
z < f < b < e < y
The new faces created are e < d < a, f < c < d, z < f < e < y. This gives the construction
shown in Figure 4. The actual values for f, e, d can be chosen coherently.
If c < a < b then to get a required labelling it is enough that we have
c < d < a < f < b < e
z < f < b < e < y
The new faces created are d < a < e, c < d < f, z < f < e < y. This gives the construction
shown in Figure 4. The actual values for f, e, d can be chosen coherently.
4.1.3. Tetrahedron Attachment with One Face Identified and Two Edges and
their Common Vertex also Vanish.
Consider a polyhedron with a triangular face labelled abc in the anticlockwise order and
we are attaching to this face a tetrahedron with labels abcdef as shown in Figure 5 with
three new faces. Assume that the edges a, b vanish.
Suppose the edges e, y are the same edges i.e. e is obtained by extending y. The vertex
which is the meeting point of e, y, a, b vanishes after the tetrahedron attachment. Here we
just assign new values to d, e, f as
• e = y infact the same edge.
• d = a because a vanishes.
• f = b because b vanishes.
The new faces created in the anticlockwise order are given by
• . . . −→ e = y −→ d = a −→ . . .,
• . . . −→ z −→ f = b −→ e = y −→ . . .,
• d = a −→ f = b −→ c −→ d = a.
These are all coherently labelled.
4.1.4. Tetrahedron Attachment with Three Edges Vanishing (Capping off a tri-
angle with a Tetrahedron) with Three Vertices also Vanish.
Here there are many possibilities while attaching a tetrahedron depending on the vanishing
of the vertices. Here we consider only one scenario i.e. when the vertices of the attaching
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Figure 5. Tetrahedron with labels attached to a given Polyhedron with
two edges a, b vanish with their common vertex a ∩ b also vanishes and the
edge c remains
Figure 6. Tetrahedron with labels attached to a given Polyhedron where
two faces abc, deb are attached with their common edge b vanishes, two new
faces adf, fec are formed with the edge f gets a new label
triangular face also vanish along with the three edges. In this case it is even easier as we
remove these three edges and their labels and for the extended edges we retain the same
labels respectively.
4.2. Tetrahedron Attachment with Two Faces Identified. We just consider one sce-
nario here in this section.
4.2.1. Tetrahedron Attachment with Two Faces Identified and their Common
Edge Vanishes with its Opposite Edge gets a Label and the remaining Four
Edges do not Vanish.
Referring to Figure 6 in here we attach a tetrahedron with two of its faces identified to
a given polyhedron. Consider a tetrahedron with edges abcdef such that the face abc and
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the face deb are attached to the given polyhedron. One edge b vanishes. Moreover two new
faces adf, fec are formed. Here we need a coherent value for f so that the newly formed
faces adf , fec gets a choice of increasing labels with anticlockwise orientation.
One among each of the following sets of inequalities occur.
a < b < c, b < c < a, c < a < b
d < e < b, e < b < d, b < d < e
Now we have four cases
c < e, a < d or c < e, d < a or e < c, a < d or e < c, d < a.
We prove that for each of the new faces formed we can choose a coherent value for f .
We need one among each of the following sets of inequalities to occur.
a < d < f or d < f < a or f < a < d
f < e < c or e < c < f or c < f < e
Suppose c < e, a < d then we have one of the following with a coherent choice for f also.
(1) c < e < a < d with c < f < e < a < d.
(2) c < a < e < d with c < f < a < e < d.
(3) c < a < d < e with c < f < a < d < e.
(4) a < c < d < e with a < c < d < f < e.
(5) a < d < c < e with a < d < c < f < e.
(6) a < c < e < d. This case does not occur as there is no value of coherent b which
satisfies. We do not need to consider this case at all.
Suppose c < e, d < a then we have one of the following with a coherent choice for f also.
(1) c < e < d < a. This case does not occur as there is no value of coherent b which
satisfies. We do not need to consider this case at all.
(2) c < d < e < a with c < d < f < e < a.
(3) c < d < a < e with c < d < f < a < e.
(4) d < c < a < e with d < c < f < a < e.
(5) d < a < c < e. This case does not occur as there is no value of coherent b which
satisfies. We do not need to consider this case at all.
(6) d < c < e < a with d < c < f < e < a.
The remaining two cases e < c, a < d or e < c, d < a are also similar. Suppose we have
e < c, a < d then we choose f to be a largest element so that e < c < f, a < d < f . Suppose
we have e < c, d < a then we have one of the following with a coherent choice for f also.
(1) e < c < d < a with e < c < d < f < a.
(2) e < d < c < a with e < d < c < f < a.
(3) d < e < c < a with d < e < c < f < a.
(4) d < e < a < c with d < f < e < a < c.
(5) e < d < a < c. This case does not occur as there is no value of coherent b which
satisfies. We do not need to consider this case at all.
(6) d < a < e < c with d < f < a < e < c.
This completes all the possibilities in this case.
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5. Construction of Certain Class of Polyhedra with Tetrahedra
We prove a theorem on existence of coherent labelling for certain class of polyhedra.
Theorem 2. Let P be a polyhedron for which a coherent labelling already exists. Suppose a
new polyhedron is constructed using tetrahedron attachment using any of the following type
of attachments.
• A tetrahedron is attached with one face identified and no edge vanishes.
• A tetrahedron is attached with one face identified and only one edge vanishes.
• A tetrahedron is attached with one face identified and two edges and their common
vertex vanish.
• A tetrahedron is attached with one face identified and three edges and the three
vertices also vanish.
• A tetrahedron is attached with two faces identified and their common edge vanishes
and its opposite edge gets a label with the remaining four edges do not vanish.
Then the newly constructed polyhedron also has a coherent labelling.
Proof. The proof of this theorem follows from various types of attachments given in Sec-
tion 4. 
6. Examples: Pyramids, Bi-pyramids, Counterexample: Cubes or Cuboids
Here we consider some examples of polyhedron which have coherent labelling inequalities.
6.1. Coherent Labelling of Bi-pyramids. This section considers coherent labelling of
bi-pyramids as an application of Theorem 2. Here we prove a theorem below.
Theorem 3. Let P be a polyhedron which is a bi-pyramid over an n−gon. Then the edges
of this polyhedron can be labelled coherently such that we have a cyclic choice of increasing
anticlockwise labellings corresponding to an outward pointing normal for every face.
Proof. First we construct a pyramid with a coherent labelling as given in Section 3 and then
we start attaching tetrahedra for the construction of bi-pyramid using non-intersecting
diagonals of the n−gon and previous construction in Section 4.2.1. This completes the
construction of bi-pyramids with coherent labelling. 
Example 1 (Coherent Labelling of an Octahedron).
We can construct a coherent labelling for an octahedron as a bi-pyramid using the above
tetrahedra attachments as in the previous theorem.
We have thus far proved, for pyramids (which includes tetrahedron), bi-pyramids (which
includes octahedron), that there exists a coherent labelling.
6.2. Counterexample: Impossible to Label a Cube or Cuboid Coherently.
This section considers cubes or cuboids. We can try using Theorem 2 as follows. We have
the cube or cuboid [v1v2v3v4v5v6v7v8] as shown in Figure 7.
(1) First we start with tetrahedron [v1v6v7v8].
(2) Then attach tetrahedron [v1v5v6v8]. This is a one face [v1v6v8] attachment with one
edge [v6v8] vanishes.
(3) Then attach tetrahedron [v1v4v5v6]. This is a one face [v1v5v6] attachment with one
edge [v1v6] vanishes.
(4) Then attach tetrahedron [v1v3v4v5]. This is a one face [v1v4v5] attachment with one
edge [v4v5] vanishes.
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Figure 7. A Cube or a Cuboid
(5) Then attach tetrahedron [v1v3v5v8]. This is a two face attachment on faces [v1v3v5],
[v1v5v8] and edge [v1v5] vanishes whose opposite edge is [v3v8] which gets a label.
Moreover the five edges [v1v8], [v1v3], [v3v8], [v3v5], [v5v8] remain intact with their la-
bels. This attachment is an application of the attachment described in Section 4.2.1.
So far we have obtained a coherent labelling. Now we have one more attachment which is to
attach [v1v2v3v8]. This is a one face [v1v3v8] attachment with three edges [v1v3], [v1v8], [v3v8]
vanish. The vertices v1, v3, v8 remain and do not vanish. Hence Theorem 2 is not applicable.
We observe as a consequence of the theorem below it is not possible to construct a cube or a
cuboid with those attachments of tetrahedra where the coherent labelling can be extended.
Now we prove the following theorem.
Theorem 4. There does not exist a coherent labelling for a cube or a cuboid.
Proof. By referring to Figure 7 let us label the edges from x1, . . . , x12. The faces with
possible inequalities are given by
F1 : x1 < x2 < x3 < x4 | x2 < x3 < x4 < x1 | x3 < x4 < x1 < x2 | x4 < x1 < x2 < x3
F2 : x5 < x6 < x7 < x2 | x6 < x7 < x2 < x5 | x7 < x2 < x5 < x6 | x2 < x5 < x6 < x7
F3 : x11 < x10 < x8 < x6 | x10 < x8 < x6 < x11 | x8 < x6 < x11 < x10 | x6 < x11 < x10 < x8
F4 : x12 < x4 < x9 < x10 | x4 < x9 < x10 < x12 | x9 < x10 < x12 < x4 | x10 < x12 < x4 < x9
F5 : x3 < x7 < x8 < x9 | x7 < x8 < x9 < x3 | x8 < x9 < x3 < x7 | x9 < x3 < x7 < x8
F6 : x1 < x12 < x11 < x5 | x12 < x11 < x5 < x1 | x11 < x5 < x1 < x12 | x5 < x1 < x12 < x11
Now we prove that there is no choice of inequalities for the labels x1, . . . , x12 which extends
six strings of inequalities with one possibility for each of the six faces.
Assume without loss of generality that we choose the first possibility for the face F1 i.e.
F1 : x1 < x2 < x3 < x4. Now we dispose off each possibility as impossible for the face F2.
(1) Consider F2 : x5 < x6 < x7 < x2. Then we have x7 < x3. So only F5 : x7 < x8 <
x9 < x3 occurs and the remaining possibilities for the face F5 do not occur. Now
we have x6 < x8. So only F3 : x6 < x11 < x10 < x8 occurs and the remaining
possibilities for the face F3 do not occur. Now x5 < x11. So only F6 : x5 < x1 <
x12 < x11 occurs and the remaining possibilities do not occur. Now we conclude
that x10 < x9 < x4. This rules out all the possibilities for the face F4.
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(2) Consider F2 : x6 < x7 < x2 < x5. Then we have x7 < x3. So only F5 : x7 < x8 <
x9 < x3 occurs and the remaining possibilities for the face F5 do not occur. Now
we have x6 < x8. So only F3 : x6 < x11 < x10 < x8 occurs and the remaining
possibilities for the face F3 do not occur. Now x1 < x5. So only F6 : x1 <
x12 < x11 < x5 occurs and the remaining possibilities for the face F6 do not occur.
Similarly x9 < x4. So only F4 : x9 < x10 < x12 < x4 occurs and the remaining
possibilities for the face F4 do not occur. Now we conclude x12 < x11 < x10 < x12
which is a contradiction.
(3) Consider F2 : x7 < x2 < x5 < x6. Then we have x7 < x3. So only F5 : x7 < x8 <
x9 < x3 occurs and the remaining possibilities for the face F5 do not occur. Now
we have x9 < x4. So only F4 : x9 < x10 < x12 < x4 occurs and the remaining
possibilities for the face F4 do not occur. Now we have x1 < x5. So only F6 :
x1 < x12 < x11 < x5 occurs and the remaining possibilities for the face F6 do not
occur. Similarly we have x11 < x6. So only F3 : x11 < x10 < x8 < x6 occurs
and the remaining possibilities for the face F3 do not occur. Now we conclude
x12 < x11 < x10 < x12 which is a contradiction.
(4) Consider F2 : x2 < x5 < x6 < x7. Then we have x1 < x5. So only F6 : x1 < x12 <
x11 < x5 occurs and the remaining possibilities for the face F6 do not occur. Now
we have x11 < x6. So only F3 : x11 < x10 < x8 < x6 occurs and the remaining
possibilities for the face F3 do not occur. We have x8 < x7. So only F5 : x8 < x9 <
x3 < x7 occurs and the remaining possibilities for the face F5 do not occur. Now
we conclude that x12 < x10 < x9. This rules out all the possibilities for the face F4.
This proves the theorem. 
7. Labelling of Pyramidal Polyhedron
Here in this section we describe one more class of polyhedra which can be coherently labelled.
Actually here we prove something more. We begin with a definition.
Definition 2. Let P be any polyhedron in three dimensional Euclidean Space. For any face
F of P with n edges we attach a pyramid with n−gon as a base to extend the polyhedron by
keeping all the edges of the faces F intact. A pyramidal polyhedron over P is a polyhedron
Q obtained by attaching suitable pyramids to all the faces of the polyhedron P with this type
of attachment for each face.
Now we prove the following theorem.
Theorem 5.
Let P be any polyhedron with an arbitrary labelling of all the edges. Then there exists a
coherent labelling of the pyramidal polyhedron Q of P extending the given labelling of the
edges of P.
Proof. We prove this theorem by extending labelling to the pyramid PF in Q for each face
F of the polyhedron P. Consider the arbitrary labelling of the face F given by integers
a1 −→ a2 −→ . . . −→ an −→ a1
with a1 as the least label in this anticlockwise order. Let PF be the apex of the pyramid
for this face in the polyhedron Q. Let
b12, b23, . . . , bn1
are the labels of the edges joining a vertex of the face F and the apex PF . Now after
attachment the face F vanishes and the new triangular faces with labels are given by
bn1a1b12, b12a2b23, . . . , b(n−2)(n−1)an−1b(n−1)n, b(n−1)nanbn1
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We need to prove that there exists a coherent choice for the labels bij which initially may
be fractions and need not be integers.
This is an inductive procedure as follows. In the first step we have a1 < a2 as a1 is the
least label. Hence choose b12 such that a1 < b12 < a1 + 1 ≤ a2. Now in the second step
there are two possibilities. If a2 < a3 then choose b23 such that a2 < b23 < a2 + 1 ≤ a3.
If a2 > a3 then choose b23 such that a1 < b23 < b12 < a1 + 1 ≤ a3 < a2. Inductively we
proceed with the labelling. Suppose b(i−1)i has a coherent value then we need to choose a
value for bi(i+1). Here we have two choices. Suppose ai < ai+1. Then we choose bi(i+1) such
that ai < bi(i+1) < ai + 1 ≤ ai+1. Hence we have
b(i−1)i < ai < bi(i+1).
Suppose ai > ai+1. Then choose bi(i+1) such that
a1 < bi(i+1) < min{b12, b23, . . . , b(i−1)i} < a1 + 1.
Then we have by choice bi(i+1) < b(i−1)i and by induction b(i−1)i < ai and hence
bi(i+1) < b(i−1)i < ai.
Again here we observe that bi(i+1) < ai+1 and the induction step is completed. Now we arrive
at the last step of choosing a coherent label for bn1. Choose bn1 such that bn1 > max{an, b12}
then we have
b(n−1)n < an < bn1, a1 < b12 < bn1.
This completes the proof of this theorem. 
Note 1. Using the proof of the Theorem 5 we can obtain as a corollary that any pyramid
and bi-pyramid can be labelled coherently.
8. Abstract Dual Polyhedron and its Coherent Labelling with respect to
Vertices
Given a polyhedron we can consider its abstract dual polyhedron. We prove a theorem
below for the dual abstract polyhedron. However we need another definition.
Definition 3 (Coherent Labelling of a Polyhedron with Respect to Vertices).
We say an abstract polyhedron P is coherently labellable with respect to each vertex if there
exists a labelling of all the edges of P with integers such that for every vertex we have an
anticlockwise traversal of edges emanating at the vertex with an increasing choice of labels
except the first edge and the last edge.
Theorem 6. A polyhedron has a coherent labelling if and only if its dual polyhedron is
coherently labellable with respect to each vertex.
Proof. This follows because of the bijection between the edges of the polyhedron and the
edges of its abstract dual polyhedron such that the following holds under the correspondence.
There exists an edge between two vertices of a given polyhedron (the dual polyedron) if and
only if there exists a corresponding common edge between the faces corresponding to these
vertices in the dual polyhedron (a given polyhedron).
This proves the theorem. 
As an application of Theorem 6 we have the following theorem for a dual polyhedron.
Theorem 7 (Chopping off a Vertex from a Polyhedron).
Let P be an abstract polyhedron which is coherently labellable with respect to each vertex.
Suppose a vertex is removed or chopped off from the polyhedron to get a new polyhedron Q.
Then Q is also coherently labellable with respect to each vertex.
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We also have the following note as consequences.
Note 2.
• Apart from Theorem 7 we can say something more. From any polyhedron with
arbitrary labelling we can get a polyhedron with a coherent labelling with respect to
vertices by chopping off all the vertices of the polyhedron that we begin with.
• Also for a given polyhedron which has a coherent labelling with respect to each vertex,
we can apply a finite sequence of chopping vertices to still obtain a polyhedron which
has a coherent labelling with respect to each vertex.
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